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Abstract
It is well known that every pair of disjoint closed subsets F0,F1 of a normal T1-space X admits a star-finite open cover U of X
such that, for every U ∈ U , either U ∩ F0 = ∅ or U ∩ F1 = ∅ holds. We define a T1-space X to be strongly base-normal if there is
a base B for X with |B| = w(X) satisfying that every pair of disjoint closed subsets F0,F1 of X admits a star-finite cover B′ of X
by members of B such that, for every B ∈ B′, either B ∩ F0 = ∅ or B ∩ F1 = ∅ holds. We prove that there is a base-normal space
which is not strongly base-normal. Moreover, we show that Rudin’s Dowker space is strongly base-(collectionwise)normal. Strong
zero-dimensionality on base-normal spaces are also studied.
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1. Introduction
Throughout this paper, all spaces are assumed to be T1 topological spaces. The symbol N denotes the set of all
natural numbers. As usual, a cardinal is the initial ordinal and an ordinal is the set of smaller ordinals. The cardinality
of a set X is denoted by |X|. For a space X, w(X) stands for the weight of X. For a space X and a subspace A of X,
the closure of A in X is denoted by A. Bases mean open bases. A clopen subset is a closed and open subset.
J.E. Porter [10] introduced a notion of base-paracompactness; a space X is said to be base-paracompact if there is a
base B for X with |B| = w(X) satisfying that every open cover U of X admits a locally finite refinement by members
of B. Motivated by base-paracompactness, we introduced in [13] the notion of base-normality. Recall from [13] that
a space X is said to be base-normal if there is a base B for X with |B| = w(X) satisfying that every pair of disjoint
closed subsets F0,F1 of X admits a locally finite cover B′ of X by members of B such that, for every B ∈ B′, either
B ∩ F0 = ∅ or B ∩ F1 = ∅ holds. A space X is said to be base-collectionwise normal if there is a base B for X with
|B| = w(X) satisfying that every discrete closed collection {Fα: α ∈ Ω} of X admits a locally finite cover B′ of X
by members of B such that, for every B ∈ B′, |{α ∈ Ω: B ∩ Fα = ∅}|  1. Note that every base-(collectionwise)
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G. Gruenhage constructed in [3] a ZFC example of a countably compact zero-dimensional LOTS which is not base-
normal.
The notion of base-normality is motivated by the well-known fact that X is normal if and only if every pair
of disjoint closed subsets F0,F1 of X admits a locally finite open cover U of X such that, for every U ∈ U , either
U∩F0 = ∅ or U∩F1 = ∅ holds. On the other hand, it is easy to see that “locally finite” in the above fact can be replaced
by “star-finite”; a collection {Uα: α ∈ Ω} of subsets of X is said to be star-finite if |{β ∈ Ω: Uβ ∩Uα = ∅}| <ω holds
for every α ∈ Ω . That is, the following proposition holds.
Proposition 1.1. A space X is normal if and only if every pair of disjoint closed subsets F0,F1 of X admits a star-finite
open cover U of X such that, for every U ∈ U either U ∩ F0 = ∅ or U ∩ F1 = ∅ holds.
In order to consider a base version of Proposition 1.1, we define a space X to be strongly base-normal if there is
a base B for X with |B| = w(X) satisfying that every pair of disjoint closed subsets F0,F1 of X admits a star-finite
cover B′ of X by members of B such that, for every B ∈ B′ either B ∩ F0 = ∅ or B ∩ F1 = ∅ holds.
In this paper, we prove:
Theorem 1.2. There is a base-normal space (in fact, a metric space) which is not strongly base-normal.
Theorem 1.2 shows that a base version of Proposition 1.1 does not hold. The hedgehog J (κ) with spininess κ and
the product space B(κ) × (0,1) of the Baire space B(κ) and the open unit interval (0,1), which are known to be
non-strong paracompact spaces for κ > ω, provide spaces as in Theorem 1.2 when κ = κω .
We also define a space X to be strongly base-collectionwise normal if there is a base B for X with |B| = w(X)
satisfying that every discrete closed collection {Fα: α ∈ Ω} of X admits a star-finite cover B′ of X by members of B
such that, for every B ∈ B′, |{α ∈ Ω: B ∩ Fα = ∅}| 1. Clearly, every strong base-(collectionwise) normal space is
base-(collectionwise) normal.
Next, we study (strong) base-normality of Dowker spaces. Recall that a Dowker space is a normal space X for
which X × [0,1] is not normal. We prove:
Theorem 1.3. Rudin’s Dowker space is strongly base-collectionwise normal.
On the 3rd Japan–Mexico Joint Meeting on Topology and its Applications held in December, 2004, a participant
asked a question if Rudin’s Dowker space is base-normal or not. Theorem 1.3 provides an affirmative answer to this
question.
We also discuss strong zero-dimensionality on base-normal spaces. A new notion called base-strong-zero-
dimensionality is introduced; a non-empty space X is called base-strongly-zero-dimensional if there is a clopen base
B for X with w(X) = |B| satisfying that every pair of disjoint closed subsets F0,F1 of X admits a locally finite cover
B′ of X by members of B such that, for every B ∈ B′, either B ∩ F0 = ∅ or B ∩ F1 = ∅ holds. Rudin’s Dowker space
possesses this property, that is, we have:
Theorem 1.4. Rudin’s Dowker space is base-strongly-zero-dimensional.
Also, we prove the following:
Theorem 1.5. Let X be a metrizable space (in fact, a paracompact M-space). Then, X is strongly zero-dimensional
if and only if X is base-strongly-zero-dimensional.
For undefined terminology, see [2,6].
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First, we give facts on strong base-normal spaces. J.E. Porter [11] called a space X strongly base-paracompact if
there is a base B for X with |B| = w(X) satisfying that every open cover U of X admits a star-finite refinement by
members of B.
Proposition 2.1. Each of the following statements holds.
(1) Every strongly base-paracompact Hausdorff space is strongly base-collectionwise normal. Hence, every regular
Lindelöf space, every strong zero-dimensional metrizable space and every locally compact paracompact Haus-
dorff space are strongly base-collectionwise normal.
(2) Every normal almost compact space is strongly base-collectionwise normal.
(3) Every ordinal space is strongly base-collectionwise normal.
(4) Bing’s examples G and H in [1] and the metacompact version of Bing’s example due to Michael [7] are strongly
base-normal.
For a proof of (1) of Proposition 2.1, we first give a generalization of [2, 5.3.G(a)].
Lemma 2.2. Strong base-paracompactness is equivalent to paracompactness in the realm of locally compact Haus-
dorff spaces.
Proof. Before proving Lemma 2.2, we first note the following fact: If A is a locally finite collection of a space X
satisfying that A is compact for each A ∈A, then A is star-finite in X.
The proof of Lemma 2.2 is a modification to that of the fact that every locally compact paracompact Hausdorff
space is totally paracompact. To show Lemma 2.2, let X be a locally compact paracompact Hausdorff space and B
any base for X with |B| = w(X). We show that B witnesses strong base-paracompactness of X. To do this, let U be
an open cover of X. Then, we can take a locally finite open cover V of X such that {V : V ∈ V} consists of compact
sets and refines U . Since X is normal, there exists an open cover {W(V ): V ∈ V} of X such that W(V ) ⊂ V for
each V ∈ V [2, 1.5.18]. For each V ∈ V , since W(V ) is compact, we can take BV ⊂ B satisfying that |BV | < ω and
W(V ) ⊂⋃BV ⊂ V . Set B′ =⋃V∈V BV . Then, B′ is a locally finite cover of X by members of B and B is compact for
each B ∈ B′. It follows from the fact mentioned above that B′ is star-finite, and it is easy to see that B′ is a refinement
of U . This shows that B witnesses strong base-paracompactness of X. Thus, X is strongly base-paracompact. 
Proof of Proposition 2.1. (1) It is easy to see that every strongly base-paracompact Hausdorff space is strongly
base-collectionwise normal. J.E. Porter [11, Theorem 2.2] proved that every regular Lindelöf space is strongly base-
paracompact. Also, [11, Theorem 2.3] shows that every strong zero-dimensional metrizable space is strongly base-
paracompact. Hence, together with Lemma 2.2, (1) holds.
Proofs of (2), (3) and (4) are essentially proved in [14, Propositions 3.1 and 3.2 and Theorem 3.5]. Indeed, to
prove (2), consider B∪{X−⋃in Bi : B1, . . . ,Bn ∈ B, n < ω}, where B is a base for a normal almost compact space
X with |B| = w(X). To prove (3), let κ be an ordinal space. Apply (1) if cf(κ) ω, and apply (2) if cf(κ) > ω. The
proof of (4) is left to the reader (see [14, Lemma 3.3]). 
Let κ be an infinite cardinal. Let us recall the definition of the hedgehog with spininess κ [2, 4.1.5]. Consider the
quotient space Y = q(⊕α∈κ Iα), where Iα = I × {α} for every α ∈ κ , obtained from the quotient map q :⊕α∈κ Iα →
Y by identifying points 〈0, α〉, α ∈ κ , to a point θ . Define a metric ρ on Y as follows:
ρ
(
q
(〈x,α〉), q(〈y,β〉))=
{ |x − y| if α = β,
x + y if α = β.
The metric space (Y,ρ) is called the hedgehog with spininess κ and denoted by J (κ). Since every metric space is
base-normal [10,13], J (κ) is base-normal. It is known that J (κ) is not strongly base-paracompact if κ > ω, because
every strongly (base-)paracompact connected space is Lindelöf [2, 6.1.E].
The following theorem provides a base-normal space which is not strongly base-normal (Theorem 1.2).
2808 K. Yamazaki / Topology and its Applications 153 (2006) 2805–2814Theorem 2.3. J (κ) is not strongly base-normal for every κ with κ = κω .
We need a lemma.
Lemma 2.4. Let κ = κω and X a strong base-normal connected space with w(X) κ . If F is a closed discrete subset
of X, then |F | < κ .
Proof. Assume on the contrary that there exists a closed discrete subset F = {xα: α ∈ κ} such that xα = xβ for any
α = β , α,β ∈ κ . Let B be a base for X with |B| κ which witnesses strong base-normality of X. For every B ∈ B,
define
Λ(B) = {α ∈ κ: xα ∈ B}.
Set A= {Λ(B): B ∈ B}. Moreover, define
A∗ =
{⋃
A′: A′ ∈ [A]ω
}
.
Since |A| κ , we have |A∗| κω = κ .
Hence, there is Λ0 ∈ 2κ −A∗. Then, note that Λ0 = ∅. Set
F0 = {xα: α ∈ Λ0} and F1 = {xα: α ∈ κ −Λ0}.
Since F0 and F1 are disjoint closed subsets of X, there is a star-finite cover B′ of X by members of B such that for
every B ∈ B′, either B ∩ F0 = ∅ or B ∩ F1 = ∅ holds. Since X is connected and B′ is a star-finite open cover of X, it
follows that |B′| ω. For each α ∈ κ with xα ∈ F0, we can select Bα ∈ B′ such that xα ∈ Bα . Define
B′′ = {Bα: α ∈ κ, xα ∈ F0}.
Since B′′ ⊂ B′, we have |B′′| ω, and B ∩ F1 = ∅ for each B ∈ B′′. Hence,
α ∈
⋃
B∈B′′
Λ(B) ⇐⇒ xα ∈ F0.
Thus, we have Λ0 =⋃B∈B′′ Λ(B). It follows that Λ0 ∈A∗, a contradiction. Therefore, X is not strongly base-normal.
This completes the proof. 
Proof of Theorem 2.3. Let κ = κω . It is known that w(J (κ)) = κ [2, 4.1.5], and consider a closed discrete subset
F = {q(〈1, α〉): α ∈ κ}. Since |F | = κ , by Lemma 2.4, we have J (κ) is not strongly base-normal. This completes the
proof. 
We give another example which provides spaces as in Theorem 1.2. Let B(κ) be the Baire space of cardinality κ ,
that is, the countable product D(κ)N of the discrete space D(κ) of cardinality κ . It is known that B(κ)× (0,1) is not
strongly paracompact for κ > ω [9], hence B(κ) × (0,1) is not strongly base-paracompact for κ > ω. Theorem 2.5
below shows that B(κ)× (0,1) is not strongly base-normal for κ = κω.
Recall from [10, Corollary 2.5] (respectively [14, Theorem 2.2]) that for every base-paracompact (respectively
base-normal) space X, every Fσ -subset A of X with w(A) = w(X) is also base-paracompact (respectively base-
normal). On the other hand, since B(κ) × [0,1] is strongly base-paracompact (use [11, Corollary 2.5]), Theorem 2.5
below shows that every Fσ -subset A of a strongly base-normal space (in fact, a strongly base-paracompact Hausdorff
space) X is not necessarily strongly base-normal even if w(A) = w(X).
Theorem 2.5. B(κ)× (0,1) is not strongly base-normal for every κ with κ = κω .
Proof. Let κ = κω and X = B(κ)× (0,1). Assume on the contrary that X is strongly base-normal. Take a base B for
X with |B| = κ which witnesses strong base-normality of X. For each α1, . . . , αn ∈ κ , n ∈ N, set
S(α1, . . . , αn) =
{
x = (x1, x2, . . . ;x0) ∈ X | xi = αi (i = 1, . . . , n), xj = 0 (j  n+ 2), x0 = 1/(n+ 1)
}
.
K. Yamazaki / Topology and its Applications 153 (2006) 2805–2814 2809Note that S(α1, . . . , αn) = {(α1, . . . , αn)} ×D(κ)× {(0,0, . . .)} × {1/(n+ 1)}. Then, ⋃{S(α1, . . . , αn): α1, . . . , αn ∈
κ, n ∈N} is a closed discrete subset of X and S(α1, . . . , αn)∩ S(β1, . . . , βm) = ∅ if (α1, . . . , αn) = (β1, . . . , βm).
Fix α1, . . . , αn ∈ κ . Set
A(α1, . . . , αn) =
{(⋃
B′′
)
∩ S(α1, . . . , αn): B′′ ∈ [B]ω
}
.
Since |A(α1, . . . , αn)| κω = κ and |S(α1, . . . , αn)| = κ , we can choose C(α1, . . . , αn) as follows:
∅ = C(α1, . . . , αn) ∈ 2S(α1,...,αn) −A(α1, . . . , αn).
Define C′(α1, . . . , αn) = S(α1, . . . , αn)−C(α1, . . . , αn).
Now we set
F0 =
⋃{
C(α1, . . . , αn): α1, . . . , αn ∈ κ, n ∈ N
}
and
F1 =
⋃{
C′(α1, . . . , αn): α1, . . . , αn ∈ κ, n ∈N
}
.
Then, notice that F0,F1 are disjoint closed subsets of X. Hence, there exists a star-finite cover B′ of X by members
of B such that every B ∈ B′ satisfies either B ∩ F0 = ∅ or B ∩ F1 = ∅.
Fix an α∗1 ∈ κ . Since C(α∗1) = ∅, take x∗ ∈ C(α∗1). Also, take B∗ ∈ B′ with x∗ ∈ B∗. Since x∗ ∈ C(α∗1) ⊂ S(α∗1),
we can choose α∗2 ∈ κ such that x∗ = (α∗1 , α∗2 ,0,0, . . . ;1/2). Take ε > 0 and n ∈ N such that
x∗ ∈ {(α∗1 , α∗2 ,03, . . . ,0n)}×
∏
jn+1
D(κ)j × (1/2 − ε,1/2 + ε) ⊂ B∗,
where 03 = · · · = 0n = 0 and D(κ)j = D(κ) for j  n+ 1. Notice that{
(α∗1 , α∗2 ,03, . . . ,0n)
}× ∏
jn+1
D(κ)j × (0,1) ⊂
⋃
m∈N
stm(B∗,B′),
where st(A,B′)(= st1(A,B′)) =⋃{B ∈ B′: B ∩ A = ∅} and stm+1(A,B′) = st(stm(A,B′),B′) for A ⊂ X. Indeed,
for every (y, r) ∈ {(α∗1 , α∗2 ,03, . . . ,0n)} ×
∏
jn+1 D(κ)j × (0,1), where y ∈ B(κ) and r ∈ (0,1), both of (y, r) and
(y,1/2) belong to the connected set {y} × (0,1) and (y,1/2) ∈ B∗. Set
B∗ = {B ∈ B′: B ∩C(α∗1 , α∗2 ,03, . . . ,0n) = ∅}.
It follows that
C(α∗1 , α∗2 ,03, . . . ,0n) ⊂ S(α∗1 , α∗2 ,03, . . . ,0n)
⊂ {(α∗1 , α∗2 ,03, . . . ,0n)}×
∏
jn+1
D(κ)j × (0,1)
⊂
⋃
m∈N
stm(B∗,B′).
Hence, for B ∈ B∗, we have B ∩ (⋃m∈N stm(B∗,B′)) = ∅. Thus,
B ⊂
⋃
m∈N
stm(B∗,B′).
Since B′ is star-finite, it follows that |B∗|  ω. On the other hand, B ∩ F1 = ∅ for every B ∈ B∗ because of ∅ =
B ∩C(α∗1 , α∗2 ,03, . . . ,0n) ⊂ B ∩ F0. Hence,
∅ =
(⋃
B∗
)
∩ F1 ⊃
(⋃
B∗
)
∩C′(α∗1 , α∗2 ,03, . . . ,0n).
Since C(α∗1 , α∗2 ,03, . . . ,0n) ⊂
⋃B∗, we have:(⋃
B∗
)
∩ S(α∗1 , α∗2 ,03, . . . ,0n)
=
((⋃
B∗
)
∩C(α∗1 , α∗2 ,03, . . . ,0n)
)
∪
((⋃
B∗
)
∩C′(α∗1 , α∗2 ,03, . . . ,0n)
)
=
((⋃
B∗
)
∩C(α∗1 , α∗2 ,03, . . . ,0n)
)
= C(α∗1 , α∗2 ,03, . . . ,0n).
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C(α∗1 , α∗2 ,03, . . . ,0n) =
(⋃
B∗
)
∩ S(α∗1 , α∗2 ,03, . . . ,0n) ∈A(α∗1 , α∗2 ,03, . . . ,0n),
a contradiction. This shows that X is not strong base-normal. This completes the proof. 
It should be noted that, by using an idea of J.E. Porter in [10], we can construct a strongly base-normal space X
and a clopen subspace A of X which is not strongly base-normal. For, consider X = J (c) ⊕ (κ + 1) and A = J (c),
where c = |R| and κ is the ordinal space whose cardinality is that of the topology of J (c) and κ +1 has the usual order
topology. We also remark that if X is a strongly base-normal space and A a closed subspace of X with w(A) = w(X),
then A is strongly base-normal (cf. [11, Theorem 2.6]).
Moreover, by an idea in [10], we can show that strong base-normal spaces are not preserved under open perfect
mappings. For, consider the map f :X → J (c)⊕{p} defined as follows: f (x) = x if x ∈ J (c); f (x) = p if x ∈ κ +1,
where X is the space given in the above example and p is a point with p /∈ J (c).
Finally, we consider the following condition: For every closed discrete collection {Fα: α ∈ Ω} of X there is a
star-finite cover U of X such that for every U ∈ U , |{α ∈ Ω: U ∩ Fα = ∅}|  1. This condition is located between
collectionwise normality and strong-base-collectionwise normality. Note that J (κ) does not have this property for
any κ > ω. Because, for a connected space X with the property above, every closed discrete subset of X must be
countable.
By a classical theorem of K. Morita [8], it is read that a space X is normal if and only if for every countable
discrete closed collection {Fn: n ∈ N} of X there is a star-finite open cover U of X such that for every U ∈ U ,
|{n ∈ N: U ∩ Fn = ∅}| 1. It is natural to call a space X strongly base-ω-collectionwise normal if there is a base B
for X with |B| = w(X) satisfying that every countable discrete closed collection {Fn: n ∈N} of X admits a star-finite
cover B′ of X by members of B such that, for every B ∈ B′, |{n ∈N: B ∩ Fn = ∅}| 1. We ask:
Question 2.6. Is every strongly base-normal space strongly base-ω-collectionwise normal?
3. Rudin’s Dowker space is strongly base-collectionwise normal
Let us recall the construction of Rudin’s Dowker space, that is, the Dowker space constructed by M.E. Rudin
in [12]. The symbol cf(λ) stands for the cofinality of λ. Let
F = {f : N→ ωω: f (n) ωn for all n ∈N}
and
X = {f ∈ F : ∃i ∈N such that ω < cf(f (n))<ωi for all n ∈ N}.
Let f,g ∈ F . Then, we define f < g if f (n) < g(n) for every n ∈ N, and define f  g if f (n) g(n) for every
n ∈ N. Moreover, define
Uf,g = {h ∈ X: f < h g}.
The set {Uf,g: f,g ∈ F } is a base for a topology of X. The space X is Rudin’s Dowker space.
We set B = {Uf,g: f,g ∈ F }. Note that w(X) = ωωω = |B|.
Recall from [12] another subspace X′ of F . Namely, we define
X′ = {f ∈ F : ω < cf(f (n)) for all n ∈N}.
We also define U ′f,g = {h ∈ X′: f < h g} for each f,g ∈ F .
Throughout this section, we use X, X′, B, Uf,g and U ′f,g as above.
To prove Theorem 1.3, we need the following lemmas.
Lemma 3.1. (M.E. Rudin [12], see also K.P. Hart [4, 2.0 Lemma].) X′ is the realcompactification of X. Hence, if
F0,F1 are closed disjoint subsets of X, then F0X′ ∩ F1X′ = ∅.
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{U ′f,g: f,g ∈ F }.
Lemma 3.3. Let Z be a collectionwise normal space. Let A be a base for Z with |A| = w(Z) satisfying that every
pair of disjoint closed subsets F0, F1 of Z admits a disjoint cover A′ of Z by members of A such that, for every
A ∈A′, either A ∩ F0 = ∅ or A ∩ F1 = ∅ holds. Then, every discrete closed collection {Fα: α ∈ Ω} of Z admits a
disjoint cover A′ of Z by members of A such that, for every A ∈A′, |{α ∈ Ω: A∩ Fα = ∅}| 1.
Proof. Let {Fα: α ∈ Ω} be a discrete closed collection of Z. Since Z is collectionwise normal, there is a discrete
open collection {Uα: α ∈ Ω} of Z such that Fα ⊂ Uα for each α ∈ Ω .
For every α ∈ Ω , there is a disjoint coverAα of Z by members of A such that, for every A ∈Aα , either A∩Fα = ∅
or A ⊂ Uα holds. For every α ∈ Ω , define
A∗α = {A ∈Aα: A ⊂ Uα}.
Note that Fα ⊂⋃A∗α ⊂ Uα for every α ∈ Ω . Set
A∗ =
⋃⋃
α∈Ω
A∗α.
Since
⋃A∗α is clopen for each α ∈ Ω , and {⋃A∗α: α ∈ Ω} is discrete in Z, it follows that A∗ is clopen in Z. Hence,
there is a disjoint cover C of Z by members of A such that, for each C ∈ C, either C ∩A∗ = ∅ or C ⊂ A∗ holds. Then,
{C ∈ C: C ∩A∗ = ∅} ∪
⋃
α∈Ω
A∗α
is the required disjoint cover of Z by members of A. This completes the proof. 
Theorem 3.4. Every discrete closed collection {Fα: α ∈ Ω} of X admits the disjoint cover B′ of X by members of B
such that for every B ∈ B′, |{α ∈ Ω: B ∩ Fα = ∅}| 1.
Proof. To use Lemma 3.3, let F0, F1 be disjoint closed subsets of X. Since F0X′ ∩ F1X′ = ∅ by Lemma 3.1, {X′ −
F0X
′
,X − F1X′ } is an open cover of X′. It follows from Lemma 3.2 that there is a disjoint cover U of X′ by members
of {U ′f,g: f,g ∈ F } such that for each U ∈ U , either U ∩F0X
′ = ∅ or U ∩F1X′ = ∅ holds. Set B′ = {U ∩X: U ∈ U}.
Since U ′f,g ∩X = Uf,g ∈ B for each f,g ∈ F , we have that B′ is a disjoint cover of X by members of B, and for every
B ∈ B′, either B ∩ F0 = ∅ or B ∩ F1 = ∅ holds. Since X is collectionwise normal [12], Lemma 3.3 completes the
proof. 
By Theorem 3.4, we have:
Theorem 3.5. The base B witnesses strong base-collectionwise normality and base-strong-zero-dimensionality of X.
Theorem 3.5 provides Theorems 1.3 and 1.4.
It should be noted that we can easily construct base-normal Dowker spaces by an idea of Porter presented in
Section 2. Indeed, let Y be any Dowker space. Then, the direct sum Y ⊕ (κ + 1), where κ is the cardinality of
the topology of Y and κ + 1 has the usual order topology, is a base-normal Dowker space (although Y itself is
not necessarily assumed to be base-normal) [13]. So, it is interesting to find ‘small’ Dowker base-normal spaces. In
particular, we mention the Kojman–Shelah Dowker space in [5] which is a closed subspace of Rudin’s Dowker space
and has the weight ωω+1. Recall that base-normality of a space is not preserved under closed subspaces [3,13], and
that every closed subspace A of a base-normal space Z with w(A) = w(Z) is base-normal [14]. Hence, it is natural
to ask:
Question 3.6. Is the Kojman–Shelah Dowker space in [5] base-normal?
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A non-empty space X is said to be strongly zero-dimensional if every pair of disjoint closed subsets F0,F1 of X
admits a clopen subset U of X such that F0 ⊂ U ⊂ X−F1 [2]. The notion of base-strong-zero-dimensionality given in
the introduction is regarded as a base version of strong zero-dimensionality. By Theorem 1.4, Rudin’s Dowker space
is base-strongly-zero-dimensional. Also, it is clear that every base-strongly-zero-dimensional space is base-normal
and strongly zero-dimensional. Note that Gruenhage’s example in [3] is strongly zero-dimensional (since this is a
zero-dimensional LOTS) which is not base-strongly-zero-dimensional.
We consider the following condition (∗) on X.
(∗) There is a base B for X with w(X) = |B| satisfying that every pair of disjoint closed subsets F0,F1 of X admits
locally finite covers B1 = {B1α: α ∈ Ω} and B2 = {B2α: α ∈ Ω} of X (with same indices) by members of B such
that, B2α ⊂ B1α for each α ∈ Ω , and that for every α ∈ Ω , either B1α ∩ F0 = ∅ or B1α ∩ F1 = ∅ holds.
Proposition 4.1. A space X is base-strongly-zero-dimensional if and only if X is strongly zero-dimensional and
satisfies the condition (∗).
Proof. The ‘only if’ part is easy to see. To show the ‘if’ part, assume that X is strongly zero-dimensional and satisfies
the condition (∗). Let B be a base for X which witnesses the property on the condition (∗). For every B0,B1 ∈ B with
B0 ⊂ B1, take a clopen subset U(B0,B1) of X such that B0 ⊂ U(B0,B1) ⊂ B1. Define
B∗ = {U(B0,B1): B0,B1 ∈ B, B0 ⊂ B1}.
Then, B∗ is a base for X which witnesses base-strong-zero-dimensionality of X. This completes the proof. 
For an open cover {Aα: α ∈ Ω} of a space X, a collection {Bα: α ∈ Ω} of subsets of X is said to be a shrinking
of {Aα: α ∈ Ω} if {Bα: α ∈ Ω} is an open cover of X and Bα ⊂ Aα for every α ∈ Ω . Note that every locally finite
open cover U of a normal space has its shrinking [2, 1.5.18]. But, for base-normal spaces, it is unknown that such a
shrinking of U can be chosen from the given base which witnesses base-normality of the space (see also Question 4.6).
Proposition 4.2. Every strongly base-normal space satisfies the condition (∗).
To prove this, we need a lemma of J.E. Porter [11].
Lemma 4.3. (J.E. Porter [11, Lemma 3.1].) Let X be a normal space X and B0 be a base for X with |B0| = w(X).
Then, there is a base B of X containing B0 such that |B| = w(X) and every star-finite cover by members of B has its
shrinking by members of B.
Proof of Proposition 4.2. Let X be a strongly base-normal space and B0 a base for X which witnesses strong base-
normality of X. By Lemma 4.3, there is a base B for X containing B0 such that |B| = w(X) and every star-finite
cover by members of B has a shrinking by members of B. Then, B witnesses the condition (∗). Indeed, let F0,F1 be
disjoint closed subsets of X. Then, there is a star-finite cover B′ of X by members of B0 such that for every B ∈ B′,
either B ∩ F0 = ∅ or B ∩ F1 = ∅ holds. Since B′ ⊂ B, B′ has a shrinking by members of B. Hence, B witnesses the
condition (∗). This completes the proof. 
A paracompact M-space (= a paracompact p-space) is a space which is characterized as the pre-image of a perfect
map onto a metric space.
Theorem 4.4. Every metric (in fact, paracompact M-)space satisfies the condition (∗).
To show this, we need a lemma; the proof is easy and omitted.
Lemma 4.5. A Hausdorff space X is paracompact and satisfies the condition (∗) if and only if X satisfies the following
condition (∗∗):
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B1 = {B1α: α ∈ Ω} and B2 = {B2α: α ∈ Ω} of X by members of B such that, B2α ⊂ B1α for each α ∈ Ω , and that
{B1α: α ∈ Ω} refines U .
Proof of Theorem 4.4. We modify the proof of the fact ‘every metrizable space has a regular base (see [2, 5.4.3 and
5.4.6], see also [10])’ to a ‘pair’-regular base version. A base B of a space X is said to be regular if for every x ∈ X and
any neighborhood U of x there is a neighborhood V ⊂ U of x such that |{B ∈ B: B∩V = ∅ = B∩ (X−U)}| <ω [2].
We first show this when X is a metric space. For every i ∈ N, there is a locally finite open cover {Bα: α ∈ Ai} of
X such that diamBα  1/(2i) for each α ∈ Ai . Since X is normal, for every i ∈ N, take a shrinking {Cα: α ∈ Ai} of
{Bα: α ∈ Ai}, that is, {Cα: α ∈ Ai} is an open cover of X, with the same index Ai , and Cα ⊂ Bα for each α ∈ Ai . Set
C =
⋃
i∈N
{Cα: α ∈ Ai}, B =
⋃
i∈N
{Bα: α ∈ Ai}, and B∗ = B ∪ C.
Then, B∗ is a base for X with |B∗| = w(X).
To show B∗ witnesses the condition (∗), let F0, F1 be disjoint closed subsets of X. Define
C′ = {Cα ∈ C: Bα ∩ F0 = ∅ or Bα ∩ F1 = ∅}.
As is proved in [2], first, show that C′ is a cover of X. Second, show that {Bα ∈ B: Cα ∈ C′} is a regular base for X.
Hence, it follows that C′ and {Bα ∈ B: Cα ∈ C′} are regular bases of X. We define
C′m = {Cα ∈ C′: Cα is maximal},
where Cα is said to be maximal if Cα = Cβ for every Cβ ∈ C′ with Cα ⊂ Cβ . Third, prove that C′m is a cover of X.
Finally, prove that {Bα ∈ B: Cα ∈ C′m} is locally finite. This completes the proof of the fact that every metric space
satisfies the condition (∗).
Next, let X be a paracompact M-space. Take a perfect map f :X → M from X onto a metric space M . Then,
w(M)w(X). By the fact shown above, there is a base BM for M which witnesses the condition (∗) on M . Let BX
be a base for X with |BX| = w(X). Define
B = {B1 ∩ f−1(B2): B1 ∈ BX, B2 ∈ BM}.
Since |B| = w(X), we shall show that B is a base for X which witnesses the condition (∗) on X.
Let F0,F1 be disjoint closed subsets of X. For every y ∈ M , we can select {By,1, . . . ,By,ny } and {Cy,1, . . . ,Cy,ny }
in [BX]<ω such that
Cy,i ⊂ By,i for every i = 1, . . . , ny, f−1(y) ⊂ Cy,1 ∪ · · · ∪Cy,ny ,
and
either By,i ∩ F0 = ∅ or By,i ∩ F1 = ∅ holds for every i = 1, . . . , ny.
Put
Oy = M − f (X −Cy,1 ∪ · · · ∪Cy,ny )
for every y ∈ Y . By Lemma 4.5, M satisfies the condition (∗∗). Hence, we can take locally finite covers {Bα: α ∈ Ω}
and {Cα: α ∈ Ω} of M consisting by members of BM such that Cα ⊂ Bα for every α ∈ Ω , and {Bα: α ∈ Ω} refines
{Oy : y ∈ M}. For every α ∈ Ω , select yα ∈ M with Bα ⊂ Oyα . Consider a locally finite cover{
Byα,i ∩ f−1(Bα): α ∈ Ω, i = 1, . . . , nyα
}
of X, and its shrinking{
Cyα,i ∩ f−1(Cα): α ∈ Ω, i = 1, . . . , nyα
};
each of them is a subcollection of B. For each α ∈ Ω and each i = 1, . . . , nyα ,
Cyα,i ∩ f−1(Cα) ⊂ Cyα,i ∩ f−1
(
Cα
) ⊂ Byα,i ∩ f−1(Bα).
2814 K. Yamazaki / Topology and its Applications 153 (2006) 2805–2814Also, for each α ∈ Ω and each i = 1, . . . , nyα , since Byα,i ∩ Fj = ∅ for some j = 0,1,
either Byα,i ∩ f−1(Bα)∩ F0 = ∅ or Byα,i ∩ f−1(Bα)∩ F1 = ∅ holds.
Thus, X satisfies the condition (∗). This completes the proof. 
Proposition 4.1 and Theorem 4.4 provide Theorem 1.5. Note that Theorem 1.5 on the case X is metrizable also
follows from Propositions 2.1, 4.1 and 4.2.
Theorems 1.2 and 4.4 provide a space with the property (∗) which is not strongly base-normal.
We conclude this paper by asking:
Question 4.6. Does every base-normal space satisfy the condition (∗)?
Acknowledgements
The author sincerely thanks the referee for a careful reading and helpful comments.
References
[1] R.H. Bing, Metrization of topological spaces, Canad. J. Math. 3 (1951) 175–186.
[2] R. Engelking, General Topology, Heldermann, Berlin, 1989.
[3] G. Gruenhage, Base-paracompactness and base-normality of GO-spaces, Questions Answers Gen. Topology 23 (2005) 137–141.
[4] K.P. Hart, More on M.E. Rudin’s Dowker space, Proc. Amer. Math. Soc. 86 (1982) 508–510.
[5] M. Kojman, S. Shelah, A ZFC Dowker space in ℵω+1: an application of pcf theory to topology, Proc. Amer. Math. Soc. 26 (1998) 2459–2465.
[6] K. Kunen, Set Theory, North-Holland, Amsterdam, 1980.
[7] E. Michael, Point-finite and locally finite coverings, Canad. J. Math. 7 (1955) 275–279.
[8] K. Morita, Star-finite coverings and star-finite property, Math. Japon. 1 (1948) 60–68.
[9] J. Nagata, On imbedding theorem for non-separable metric spaces, J. Inst. Polyt. Osaka City Univ. Ser. A 8 (1957) 9–14.
[10] J.E. Porter, Base-paracompact spaces, Topology Appl. 128 (2003) 145–156.
[11] J.E. Porter, Strongly base-paracompact spaces, Comment. Math. Univ. Carolin. 44 (2003) 307–314.
[12] M.E. Rudin, A normal space X for which X × I is not normal, Fund. Math. 73 (1971) 179–186.
[13] K. Yamazaki, Base-normality and product spaces, Topology Appl. 148 (2005) 123–142.
[14] K. Yamazaki, Some theorems on base-normality, Topology Proc. 29 (2005) 389–403.
